Let E ∼ = (Z/p) r (r ≥ 2) be an elementary abelian p-group and let k be an algebraically closed field of characteristic p. A finite dimensional kE-module M is said to have constant Jordan type if the restriction of M to every cyclic shifted subgroup of kE has the same Jordan canonical form. I shall begin by discussing theorems and conjectures which restrict the possible Jordan canonical form. Then I shall indicate methods of producing algebraic vector bundles on projective space from modules of constant Jordan type. I shall describe realisability and non-realisability theorems for such vector bundles, in terms of Chern classes and Frobenius twists. Finally, I shall discuss the closely related question: can a module of small dimension have interesting rank variety? The case p odd behaves throughout these discussions somewhat differently to the case p = 2.
Introduction
Many questions in modular representation theory of finite groups reduce to questions about elementary abelian subgroups. A prototype for such a reduction is Chouinard's Theorem [11] , which states that a module is projective if and only if its restriction to every elementary abelian subgroup is projective. Quillen [19, 20] described the spectrum of the cohomology ring in terms of the elementary abelian subgroups, and this was generalised to the theory of varieties for modules by Carlson [7, 8] , Alperin and Evens [1] , Avrunin and Scott [2] . The classification of localising subcategories of the stable module category also reduces to elementary abelian subgroups, see Benson, Iyengar and Krause [5, 6] . These theorems and others motivate the study of modules for an elementary abelian p-group E = g 1 , . . . , g r ∼ = (Z/p) r over an algebraically closed field k of characteristic p. These are generally unclassifiable, so we often restrict our attention to particular classes of modules that we might hope to understand better. We shall only be interested in finite dimensional kE-modules in this talk. Dade's Lemma [12] states that a finite dimensional kE-module M is projective (or equivalently, free) if and only if its restriction to every cyclic shifted subgroup is free. A cyclic shifted subgroup is a subgroup of the group algebra kE of order p generated by an element of the form 1 + X α where
1)
X i = g i − 1 ∈ J(kE) and α = (λ 1 , . . . , λ r ) ∈ A r (k) \ {0}. This motivates Carlson's definition of the rank variety of M : Definition 1.2. The rank variety of a kE-module M is defined to be the closed homogeneous subset of A r = A r (k) given by 
Jordan Type
Let k, E and M be as described in the introduction. The elements X 1 , . . . , X r are generators for J(kE), and the elements X α of equation (1.1) form a set of coset representatives of J 2 (kE) in J(kE). Since X We say that x ∈ J(kE) \ J 2 (kE) has maximal Jordan type if it is maximal with respect to this partial order.
Maximal Jordan type was examined in depth by Friedlander, Pevtsova and Suslin [14] , and the following theorem relating it to generic Jordan type forms the beginning of their investigation.
Theorem 2.3 (FPS)
. If x, y ∈ J(kE) and x − y ∈ J 2 (kE) then x has maximal Jordan type if and only if y does, so that the elements of maximal Jordan type determine a well defined subset of J(kE)/J 2 (kE). This is a dense open subset. This Jordan type is the same as that of the element X α for a generic point α defined over a large enough transcendental extension of k.
Because of this theorem, we talk of the generic Jordan type of M , which is the Jordan type of a generic element X α of M .
Modules of Constant Jordan Type
Definition 3.1 (CFP [10] 
Nonetheless, we have the following theorem. 
Endotrivial Modules
What modules have stable constant Jordan type [1] ? Suppose that M is such a module. Then M ⊗ k M * ∼ = Hom k (M, M ) also has stable constant Jordan type [1] . The canonical maps k → M ⊗ k M * → k, defined using the inclusion of the identity map and the trace map on matrices, compose to give dim M times the identity map. But dim M ≡ 1 (mod p), so M ⊗ k M * decomposes as a direct sum of a trivial module and another summand; this other summand is projective, by Dade's lemma.
* is a direct sum of a trivial module and a projective module. 
The notation here is as follows. If n ≥ 0 then Ω n (k) is the nth kernel in a minimal projective resolution of k while Ω −n (k) is the nth cokernel in a minimal injective resolution of k. The technique of proof was to take exterior and symmetric powers, and use Dade's lemma to get incompatible congruences on dim k M .
There are two conjectures, each of which imply the theorem above. The first was formulated by Rickard at MSRI in 2008, based on a computer printout of data from a large number of modules of constant Jordan type. The second was formulated by Suslin and recorded in CFP [10] .
Conjecture 4.5 (S)
The smallest cases which remain unresolved, and which would follow from either of these conjectures, are the existence of modules of stable constant Jordan type [3] [1] and [2] 2 for p ≥ 5. But each conjecture disallows types allowed by the other, and we have no reasonable conjecture in general as to exactly what types occur.
Vector Bundles on Projective Space
We use the phrase vector bundle on P r−1 in the algebraic sense, so that it is equivalent to the phrase locally free sheaf of O-modules, where O is the structure sheaf of P r−1 .
Remarks 5.1. The only line bundles on P r−1 are O(n) for n ∈ Z. r = 2: every vector bundle on P 1 is a direct sum of line bundles; the decomposition is essentially unique (Grothendieck). r ≥ 3: It is moderately easy to construct indecomposable vector bundles on P r−1 of every rank ≥ r − 2. The only known indecomposable vector bundles with rank bigger than 1 and less than r − 2 are: [17] , and by Kumar, Peterson and Rao [18] , in positive characteristic only. . . . . . and bundles obtained from these by twisting and pulling back through self-maps of projective space.
In particular, it remains unknown whether there are indecomposable vector bundles of rank two on P 6 in any characteristic and on P 5 in characteristic other than 2.
We construct vector bundles F i (M ) (1 ≤ i ≤ p) from a module M of constant Jordan type as follows. We let
where the Y i are the functions on A r defined by Y i (X j ) = δ ij (Kronecker delta). Given a kE-module M , we setM = M ⊗ k O, a trivial bundle over P r−1 whose rank is equal to the dimension of M .
Definition 5.2 (FP [13]). We define a map of vector bundles
by the formula . Let E = (Z/2) 6 , and M be the module for which θ is the following 30 × 30 matrix: 
Properties of F i (M )
The following properties of the vector bundles F i (M ) were found by BP, MSRI 2008.
which is not exact, but has homology only in the middle, where it is
Realisability of vector bundles by modules of constant Jordan type is addressed in the following theorem.
Theorem 6.1 (BP, MSRI 2008). Given a vector bundle F of rank s on P r−1 , there exists a kE-module of stable constant Jordan type [1] s such that
where F : P r−1 → P r−1 is the Frobenius map.
The method of proof of the theorem is to take a resolution of the vector bundle by sums of twists of the structure sheaf. The maps in the resolution are polynomials in Y 1 , . . . , Y r . If p = 2, a polynomial of degree d is realised by a map from Ω d k to k. Then there is a construction in the stable module category of kE which produces a single module from these maps.
If p is odd then the pth power of the polynomial is realised by a map from Ω 2d k to k, and so we only get to realise bundles whose resolutions involve only pth powers of polynomials. This is where the Frobenius twist comes in.
When p is odd, there is an obstruction to improving the theorem to F 1 (M ) ∼ = F coming from Chern classes.
Chern Classes
The Chow group A * (P r−1 ) is isomorphic to Z[h](h r ). Given a vector bundle F on P r−1 , there is a Chern polynomial
whose coefficients c i (F) are the Chern numbers of F.
Theorem 7.1 (B, Summer 2008).
Suppose that r ≥ 2, and let M be a kEmodule of stable constant Jordan type
If p = 2 this gives no information, but for p odd it gives a genuine restriction on the vector bundles that can occur this way.
Example 7.2. The rank two Horrocks-Mumford bundle F HM on P 4 has Chern numbers c 1 (F HM (i)) = 2i + 5 and c 2 (F HM (i)) = i 2 + 5i + 10. So no twist of F HM can occur as F 1 (M ) for a module of stable constant Jordan type [1] 2 . This explains why, in Example 5.8, it was necessary to have Jordan blocks of lengths other than one and p.
Small Modules with Interesting Varieties
We now move away from constant Jordan type, and look at some more speculative questions. Looking back at Example 1.3, can we mimic this construction if p is odd? The most obvious attempts fail, so we are left with the general question: are there small modules with interesting varieties, when p is odd? Can we find good bounds and good constructions to address this question?
A construction of Carlson produces modules with any desired closed homogeneous subvariety of A r as its rank variety, but the dimension of the module produced this way is large. For example, if we do this with the ruled quadric
4 , then we are required to interpret this as an element of H 2 (E, k) ∼ = Ext 1 kE (Ωk, k) and take the corresponding extension of k by Ωk, of dimension 16. Carlson's method in general is to realise hypersurfaces in this way and then tensor modules for a general variety written as an intersection of hypersurfaces.
A modified version of Carlson's method produces Example 1.3. Namely, instead of using a single element of cohomology, we use a 2 × 2 matrix of elements
and interpret it as an element of Ext
The corresponding four dimensional module gives the 4 × 4 matrices of the example.
When p is odd, the single element method is even worse. The generators in degree one of cohomology are nilpotent, and cannot be used in Carlson's construction. One is forced to use the generators of degree two, so
The dimension of the module obtained in this way is 13p
4 . If we go with the 2 × 2 matrix method for p odd, we still end up with an element of Ext
4 . But we can do better than this. If a row of the matrix does not use all of the variables, we can use a relative syzygy of k instead of the absolute syzygy. The condition for making this work is that the variety of the subgroup used for the relative syzygy should be contained in the variety defined by the polynomials appearing in the row. So for the 2 × 2 matrix we're considering, we can use relative syzygies for two subgroups of order p 2 to obtain a module of dimension 2p 2 with the required variety. Here is a diagram for this module when p = 3:
• ? ?
In this diagram the actions of the four elements
are represented by the single, double, wavy and dotted edges respectively. The leftmost and rightmost vertices are identified to make a module of dimension 18. This module of dimension 2p 2 is still far from the lower bound given by Bézout's theorem, as described in Carlson [9] : Theorem 8.1 (C, 1993) . Let E be an elementary abelian p-group of rank r. If M is a kE-module whose rank variety has dimension m and degree d then dim k M/p r−m is an integer at least as big as d.
In our case, the Bézout bound is 2p, but it is not hard to prove that there is no module of dimension 2p with the required variety for p odd. I suspect that the smallest module with the ruled quadric as an irreducible component of its variety is the above one of dimension 2p 2 .
Question 8.2. Let E be an elementary abelian p-group of rank r. Given a closed homogeneous subvariety V ⊆ A r , what is the smallest dimension of a kE-module M with V E (M ) = V ?
Modules for (Z/p) 2
For an elementary abelian group of rank two, Question 8.2 is not interesting, because the projective line does not have interesting subvarieties. But when we mix conditions on the variety with conditions on the Jordan type, we do get some very interesting questions. I shall describe just one theorem in this direction.
Let E = (Z/p) 2 with p odd. For an indecomposable kE-module the possible varieties are the whole of A 2 and a single line through the origin. In the latter case, namely the case of periodic modules, we can look at the Jordan type of the module on the cyclic shifted subgroup corresponding to that line. The following theorem gives rather surprising information about the dimensions of such modules. 
